For  Reference 


NOT  TO  BE  TAKEN  FROM  THIS  ROOM 


0x  mitt 

wuwhmk 

wmminn 

f 


Digitized  by  the  Internet  Archive 
in  2019  with  funding  from 
University  of  Alberta  Libraries 


https://archive.org/details/Faulkner1966_0 


SOME  EXPLICIT  ESTIMATES  AND  APPLICATIONS 


II  PRIME  NUMBER  THEORY 


by 


MARXLYNN  L.  FAULKNER 


A  THESIS 

SUBMITTED  TO  THE  FACULTY  OF  GRADUATE  STUDIES 
IN  PARTIAL  FULFILMENT  OF  THE  REQUIREMENTS  FOR  THE  DEGREE 

OF  DOCTOR  OF  PHILOSOPHY 


DEPARTMENT  OF  MATHEMATICS 
UNIVERSITY  OF  ALBERTA 
EDMONTON,  ALBERTA 


SEPTEMBER,  1 966 


UNIVERSITY  OF  ALBERTA 


FACULTY  OF  GRADUATE  STUDIES 


The  undersigned  certify  that  they  have 
read,  and  recommend  to  the  Faculty  of  Graduate  Studies 
for  acceptance,  a  thesis  entitled  "SOME  EXPLICIT 
ESTIMATES  AND  APPLICATIONS  IN  PRIME  NUMBER  THEORY", 
submitted  by  MARILYNN  L.  FAULKNER  in  partial  fulfilment 
of  the  requirements  for  the  degree  of  Doctor  of 
Philosophy. 


(i) 


ABSTRACT 


The  statement  "The  product  of  k  consecutive  integers,  each 
greater  than  k  ,  has  a  prime  divisor  greater  than  k  "  is  commonly 
known  as  the  Sylvester-Schur  theorem.  In  the  first  chapter  we  prove 
a  refinement  of  this  theorem  which  is,  in  a  sense,  best  possible:  If 
n  >  k  then  (n+l) (n+2) . . . (n+k)  has  a  prime  divisor  greater  than  or 


equal  to 


1 


The  question,  posed  by  L.  Moser,  of  the  existence  of  an 
analogue  of  the  Sylvester -Schur  theorem  for  primes  in  arithmetic 
progression  led  to  the  problem  of  estimating  certain  functions  of  primes 
in  arithmetic  progression.  A  method  is  developed  in  the  second  chapter 
for  estimating 


V/(x;a,b) 


log  p 

p°=b  ( a ) 
pa  <  x 


where  (a,b)  =  1,  and  it  is  proved  there  that  .40x  <  ^(x;4,b)  <  .59x 
for  b  =  1,  x  >  43» 


The  next  chapter  contains  two  completely  elementary  and  different 


proofs  of  the  known  estimate 


(ii) 


p  <  x 


log  X  +  o(l) 


With  only  slight  modif ications  these  methods  apply  also  to  the  case 

P  =  1(3)  . 


T  ^  ^ 

n;  =  x  -y 


In  studying  the  solvability  of  the  diophantine  equation 
,  for  (x,y)  =  1  ,  relatively  sharp  estimates  for 


^(xj4,3) 


are  required.  Thus,  with  the 


p  =  1(4) 

p  <  x 

results  of  Chapter  II  and  the  methods  of  Chapter  III,  we  prove  in 

4  4 

Chapter  IV  that  the  equation  nl  =  x  -y  has  no  solution  in  positive 
integers  n,x,y  with  (x,y)  =  1  , 
sufficiently  large. 


a  result  already  known  for  n 
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CHAPTER  I 


ON  A  THEOREM  OF  SYLVESTER  AND  SCHUR 


The  theorem  mentioned  in  the  title,  which  was  first  proved 
by  J.  Sylvester  [28]  in  1892  and  later  rediscovered  and  proved  by 
I.  Schur  [26]  in  I929,  asserts  that  the  product  of  k  consecutive 
integers,  each  greater  than  k  ,  has  a  prime  divisor  greater  than  k  . 
In  this  chapter  we  will  prove  a  recent  conjecture  of  P„  Erdos  and 
obtain  as  a  corollary  a  "best-possible"  refinement  of  the  Sylvester- 
Schur  theorem  announced  by  L.  Moser  [19]. 


Theorem,  Let  p^  be  the  least  prime  >  2k  .  If  n  >  p^ 
then  (^)  has  a  prime  divisor  >  p  ,  with  the  exceptions  (^)  ,  (^?). 


The  example  6*7 *8*9* 10  shows  that  the  following  refinement 
of  the  Sylvester-Schur  theorem  is  best  possible: 


Corollary.  If  n  >  2k  then  (”)  has  a  prime  divisor 


Throughout  the  proof  of  the  theorem  and  corollary,  p  denotes 

a  prime  and  pa ||m  indicates  that  pa  |m  but  pa+^-|r  m  .  Recently 

J.  Rosser  and  L.  Schoenfeld  [22]  obtained  the  following  fairly  precise 

estimates  for  0(x)  =  Z  log  p  and  Jt(x)  =  Z  1  : 

p<x  p<x 


. 


■ 


(1.1) 


e(x)  <  1.0l624x 


for  x  >  0  , 


(1.2) 


*<*>  <  1,25506  TSI-* 


for  x  >  1  . 


Using  these  results  we  are  able  to  establish  the  theorem  by  methods  which 
are  similar  to  those  used  by  P.  Erdos  [7]  in  his  elegant  proof  of  the 
Sylvester-Schur  theorem. 


Proof  of  the  theorem.  Assume  (£)  has  no  prime  divisors 
>  2k  .  Since  pa|(^)  implies  pa  <  n  ,  (see  the  paper  of  P.  Erdos  [7]), 


n 


a 


<  n 


it(2k) 


aM  /n 


‘) 


p  <  2k 


From  (1.2)  it  follows  that 


n  2(l.25506)/log  2k 
k 


< 


1/2 
n  ' 


for  k  >  76 


Thus  the  assumption  is  false  if  76  <  k  <  . 


Let  k  >  ,  then  by  (l.l)  and  (1.2) 


-  3  - 


cf )k  <  (?)  <  IT  p 


n  P 

oo n  ,n 


a 


P  IKk) 


(1.3) 

Hence 

(1.4) 

(E)k  < 

V 

Replacing 

\/n 

by  k 

However,  when 

k  >  e 

and  take 

kth 

roots  ti 

<  e 


p  <  2k 

p  <  sTn 

1.0l624(2k)  #  2(1. 25506 )sTn/log  n 


4.55 


n  we  may 


replace  sTn  by  e^*^  ™  in  (1.4) 

\T 1 


n  <  e 


2(1.01624)+  2(l.25506)e 


4.55//n 


<  e5'^  k 


9 . 1 

provided  n  >  3*e^’  ,  that  is  for  n  >  26,900.  The  initial  assumption 

is  then  false  if  n  '  <  k  <  e  n  or  e  n  <  k  <  e  n 

with  n  >  26,900  . 

9k  (21.3)k 

A  simple  induction  argument  shows  that  (  ^  f°r 


k  =  1,2,3,...  .  Thus,  for  94  <  n  <  e 
that 


3.49 


k  ,  it  follows  from  (1.3) 


(21.3)k  .  ,n,  „  1.0l624(2k)  +  2(l.25506>/n 

3k  -  V  <  e 


th 

Taking  k  roots  we  obtain 


-  4  - 


(1.5) 


21.3  <  e2(1-0l62't)  +  2(1.25506)  ^ 


Since  <  - 
k 


3.1*9 


.3.49 


and  iSlLjk  <  1°S228  £or 

nT i  v/26^900  k  76 


< 


3.14.9 

26,900  <  n  <  e  "  k  and  k  >  76  ,  a  simple  calculation  shows  that 
inequality  (1.5)  is  false.  Our  initial  assumption  is  therefore  false 
for  9k  <  n  <  k  with  n  >  26,900  and  k  >  76  . 


R.  Breusch  [3]  proved  the  existence  of  a  prime  in  the  interval 
(m,  g  m)  for  m  >  48  .  Hence  there  is  a  prime  p  >  such  that 

p  |  (£)  for  n  >  5^  and  3k  <  n  <  9k  . 

,  <  n  <  3k  .  Thus  the  theorem  is 
proved  with  the  exception  of  a  number  of  special  cases  which  can  be 
separated  into  the  two  categories:  (i)  k  <  76  with  n  >  3k  and 

(ii)  k  >  76  with  9k  <  n.  <  26,900  .  Case  (ii)  follows  from  the 

fact  that  the  maximum  gap  between  consecutive  primes  less  than  26,900 
is  less  than  76  as  shown  by  the  table  compiled  by  K.  Appel  and 

J.  Rosser  [1]  or  by  the  table  included  in  the  paper  of  J.  Sylvester  [28]. 

To  settle  case  (i),  various  special  arguments  are  required. 

For  k  =  1  the  theorem  is  obviously  true,  while  for  k  =  2,3 

an  argument  like  that  used  by  W.  Utz  [30]  is  needed.  W.  Utz  proved 

that  if  f(k)  denotes  the  least  integer  such  that  each  product  of  f(k) 
consecutive  integers,  all  greater  than  k  ,  has  a  prime  factor  greater 
than  k  ,  then  f(7)  =  f ( 8 )  =  f(9)  =  f ( 10 )  «  4  .  He  established  this 


Clearly  pk  |  (£)  if  2k  <  p 


a  (q)i  ,  (8)1  m  Y)s 


“  5  - 


result  by  means  of  a  proof  by  contradiction  in  which  the  resulting 
diophantine  equations  were  shown  to  be  insolvable.  Thus,  for  k  =  2 
and  n  ^  9  the  theorem  follows  from  the  insolvability  of  2  +1=3 

in  positive  integers  r,s  with  r  >  3  •  A  similar  argument  shows  that 
the  theorem  holds  for  k  =  3  with  the  exception  of  (^)  .  The  case 
k  =  4  follows  directly  from  the  result  of  W,  Utz  [30]. 


D.  Lehmer  [1 6]  has  shown  recently  that  every  set  of  7 
consecutive  integers  greater  than  36  contains  a  multiple  of  a  prime 
greater  than  or  equal  to  43.  Therefore,  since  the  maximum  gap  between 
successive  primes  less  than  57  is  6  ,  the  theorem  holds  without 
exception  for  7  <  k  <  21  . 

Now,  if  the  theorem  is  violated  for  some  n  with  k  =  5  > 
or  6  ,  or  21  <  k  <  76  then  n  must  satisfy  the  inequality 


(1.6) 


£(l  .  <  £  (l.I)(lJL)...(lJUi)  .  (?)  <  n 

kl  \  2n  J  —  k!  v  n/v  n7  x  n  7  vk7  — 


n(2k) 


Thus,  if  k  =  5  >  it  follows  from  (1.6)  that  ^7-  (l---^-)  <  n  ,  which  is 

5 .  o 


false  for  n  >  135  •  Similarly,  if  k  =  6  ,  inequality  (1.6)  is  false 
for  n  >  7^1  •  Direct  checking  for  n  <  135  with  k  =  5  and  n  <  741 
with  k  =  6  completes  the  proof  in  these  cases.  For  „  >  , 

inequality  (1,6)  implies 


n 


k-jc(2k) 


(1.7) 


<  (k+i): 


;  •  J 


and,  as  computations  reveal,  (k+1 )  (2k))  <  iqOO  for  21  <  k  <  76  . 

Thus  inequality  (1.7)  is  false  for  21  <  k  <  44  with  n  >  1000  >  ^*1) 

2  ^ 
and  for  44  <  k  <  76  with  n  >  2850  >  .  .  To  complete  the  proof 

of  the  theorem,  we  refer  to  the  Appel-Rosser  table  [1]  or  Sylvester's 

table  [28]  to  find  that  the  maximum  gap  between  successive  primes  less 

than  1000  is  less  than  21  ,  while  for  primes  less  than  285O  the 

maximum  gap  is  less  than  44  . 


Proof  of  the  corollary.  By  the  theorem  just  proved,  (^) 

has  a  prime  factor  >  ^-  k  if  n  >  p  .  The  result  of  R„  Breusch  [3] 

“  5  —  k 

referred  to  earlier,  shows  that  both  the  intervals  (1  k,2k)  and 
(2k, ^  k)  contain  primes  for  k  >  35  •  Thus,  for  n  <  p^  <  ^  k  ,  the 
interval  (n~k,n)  contains  (1  k,2k)  which  contains  a  prime.  The 
proof  is  completed  by  verifying  the  corollary  directly  for  k  <  35 
with  2k  <  n  <  p.  . 

The  above  theorem  and  corollary,  together  with  their  proofs, 
have  been  published  in  the  Journal  of  the  London  Mathematical  Society  [12] 


M„  Subba  Rao,  in  conversation  with  the  author,  suggested  the 

following  refinement  of  the  Sylvester-Schur  theorem:  For  n  >  k  >  k  , 

the  product  (n+l ) (n+2 ) . . . (n+k)  has  two  prime  divisors  greater  than 

k  .  The  existence  of  such  a  k  follows  from  the  results  of  P.  Erd*o°s 

o 

[9]  who  proved  that  if  g(k)  is  the  smallest  integer  so  that  among 

k  consecutive  integers,  each  greater  than  k  ,  there  are  at  least 

g(k)  of  them  having  prime  factors  greater  than  k  ,  then 

k 

g(k)  =  (l  +  o(l))  “ — “  .  By  the  methods  used  in  the  proof  of  the 

log  k 


(  ) 

,  • 


*w«r 


^  t-» 


theorem  at  the  beginning  of  this  chapter,  it  follows  easily  that 
ko  <  14,  and  a  variety  of  special  arguments  similar  to  those  given  in 
the  proof  could  probably  reduce  this  number  to  3  . 

In  connection  with  the  Sylvester-Schur  theorem,  L.  Moser  has 
posed  the  following  question: 

Let  a,b  be  positive  integers  with  (a,b)  =  1  , 

1  <  b  <  a-1  ,  a  >  2  .  Further,  let  n  >  k  >  p(a)  , 

(1.8)  where  p  denotes  Euler's  totient  function.  Then, 

is  it  true  that  the  product  (n+l) (n+2) . . . (n+k)  has 
a  prime  divisor  p  >  k  with  p  =  b(mod  a)  ? 

The  author  feels  that  the  answer  to  this  question  is  very  likely  negative, 
for  otherwise,  as  we  will  show,  it  would  contradict  Hypothesis  H  of 
A.  Schinzel  [24j25]: 

Let  f^(x),f  (x) . . ,,f  (x)  be  n  irreducible 
polynomials  with  integer  coefficients,  where  the 
coefficient  of  the  highest  power  of  x  in  every 
case  is  positive.  If  these  polynomials  satisfy  the 

(1.9)  condition  that  there  exists  no  integer  >  1  which 

divides  the  product  f^  (x)f  (x) . .  .f^(x)  for  all 
integers  x  then  there  are  infinitely  many  integers 

x  for  which  f ^ (x) , f^ (x) , . . . , fn(x)  are  simultaneously 
pr  ime . 

While  this  hypothesis  has  many  interesting  consequences,  the  only  special 
case  for  which  it  is  known  to  hold  is  for  n  =  1  -  the  hypothesis  reducing 
then  to  Dirichlet's  theorem.  P.  Bateman  and  R.  Horn  [2]  have  given 


yi 

j  s 


-  8  - 


Hypothesis  H  a  quantitative  interpretation  and,  in  addition,  have  done 
some  numerical  investigation  to  illustrate  the  plausibility  of  their 
formulae  in  a  few  very  special  cases. 

Now,  with  a  and  b  as  in  (1.8),  let  h,  denote  the  least 

k  h 

ic 

common  multiple  of  the  integers  1,2,3, .  ..,k  and  set  n  -  — 

mm 

m  =  l,2,...,k  .  Consider 


P1(x)  =  (ah^x+l)  (ah^x+2) . . .  (ah^x+k) 

=  kl  (a^x+l)  (an  x+l) . .  .  (an^x+l) 


and 


P0(x)  *  (ahkx-l)(ahkx-2). . ,(ahkx-k) 


-  kl  (an^x-l) (an^x-l) . . . (ankx-l) 


Then  clearly  the  two  sets  of  polynomials 


{an^x+1,  an^x-fl,  . . . ,  an^x+1 }  ,  {an^x-1,  an^x-l, . . .  ,ankx-l ) 


each  satisfy  the  conditions  of  (1.9).  It  therefore  follows  from  (1.9) 
that  there  exists  an  infinite  set  of  integers  x  for  which 

( an^x+1 (ankx+l)  are  simultaneously  prime  for  x  e  ,  and, 
similarly,  an  infinite  set  of  integers  x  for  which 

(an^x-l), . . „, (ankx~l)  are  simultaneously  prime.  Thus  P^(x)  a 

product  of  k  consecutive  integers  which  has  no  prime  divisor 


. 


arcoi 


-  9  - 


p  >  k  ,  p  =  b(mod  a)  ,  b  ^  1  for  each  x  e  5  P^(x)  is  a  product 

of  k  consecutive  integers  which  has  no  prime  divisor  p  >  k  , 
p  =  b(mod  a)  ,  b  =[  for  each  x  €  Sp  . 


-  10  - 


CHAPTER  II 


ON  THE  ESTIMATION  OF  THE  ^/-FUNCTION  FOR 
PRIMES  IN  ARITHMETIC  PROGRESSION 


It  is  the  aim  of  this  chapter  to  develop  a  method  of  estimating 
the  function 


(2.1) 


\Kx;a,b)  = 


log  p 


^K(a) 

pa  <  x 


for  particular  a  and  b  ,  where  (a,b)  =  1  ,  a  >  2  ,  p  prime,  and 
we  will  use  this  method  to  prove  that 


(2.2) 


.40x  <  ^(x;4,b)  <  .59x 


for  b  =  1,3,  x  >  43  .  One  of  the  motivations  for  studying  this 
function  was  the  attempt  to  obtain  an  analogue  of  the  Sylvester°Schur 
theorem  for  primes  in  arithmetic  progression. 

First  of  all,  let  us  describe  the  results  found  in  the 
literature  which  are  related  to  the  above  problem.  These  results  are 
concerned  with  either  an  attempt  to  supply  an  elementary  proof  of  the 
classical  Dirichlet  theorem  or  an  attempt  to  solve  the  following  problem 
for  particular  a,b  and  e  >  o  :  Determine  nQ  =  n(e,a,b)  so  that  the 
interval  (n, (l+e)n)  contains  a  prime  p  =  b(a)  for  n  >  n^  ,  (a>b)  =  !• 


11  - 


G„  Ricci  [20]  used  the  canonical  factorization  of  the  expression 

(“i 

Jj  (na+b)  with  (a,b)  =  1  ,  0  <  b  <  a  , 

n-1 

to  prove  that  the  number  of  positive  integers  na+b  <  x  of  the  form 
np  ,  where 


n  < 


log  a  +  C  +  V  — 8JL.E  -  1 

P|a 


p  is  prime  and  C  is  the  Euler-Mascheroni  constant,  is  greater  than 
°1X  C2X 

- — — —  and  less  than  rr~~ —  for  suitable  c  ,  c  >  0  .  In  particular, 

10§  X  IO§  X  L  cL 

this  result  yielded  Dirichlet's  theorem  for  the  difference 


a  =  4,5,6,9,10, 12, 15,18,30.  Improving  the  results  of  his  earlier  paper, 


G.  Ricci  [21]  proved,  without  the  use  of  Dirichlet  characters  but  with 


the  use  of  the  Hadamard  form  of  the  Prime  Number  Theorem,  that  in  every 


arithmetic  progression  a+b,  2a+b,  ...  ,  with  a  >  0  ,  (a,b)  =  1  , 


there  exists  infinitely  many  numbers  of  the  form  np  where  p  is  prime 


and  n  <  •- — .  Later,  P.  Erdos  [8]  used  certain  combinations  of 

log  a  ’  L 

expressions  of  the  form 


n! 


to  establish  Dirichlet's  theorem  for  a  <  29  ,  and,  in  addition,  he 


12 


proved  that  if 


a  = 


-  <  1 
P 


A  > 


a-1  1-cr 


then  the  interval 


p+ a 
p<a 


(x,Ax]  contains  a  prime  p  =  b(mod  a)  for  sufficiently  large  x  . 


In  1932,  R.  Breusch  [3]  used  complex  variable  techniques  to 
prove  that  the  interval  (x,2x]  contains  a  prime  of  each  of  the  forms 
3n  -f  1  ,  4-n  +  1  for  x  >  7  .  P.  Erdos  [8],  in  1935 >  supplied  an 

elementary  proof  that  the  interval  (x,2x]  contains  a  prime  of  the 
form  6n+l  for  x  >  53  ,  of  the  form  6n+5  for  x  >  6.5  >  and  of 
each  of  the  forms  4n  +  1  for  x  >  3*5  •  Improving  these  results, 

K.  Molsen  [  17 ]  used  elementary  methods  to  show  that  the  interval  (x,g  x] 
contains  a  prime  of  each  of  the  forms  6n  +  1  for  x  >  199  ,  and  the 
interval  (x,^-  x]  contains  a  prime  of  each  of  the  forms  12n+d  , 
d  =  1,5,7,11,  for  x  >  118  .  More  recently,  D.  Roux  [23]  proved  that 
if  the  integer  x  is  sufficiently  large  then  the  set  of  integers 
a([nx]+l)+b  ,  a([nx]+2)+b  ,  ...  ,  ax+b  contains  at  least  one  prime 

for  (a,b )  =  1  ,  (a, n)  =  (6,|)  ,  (8,j)  ,  (12, |)  ,  (30,^)  .  It  is 

clear  that  all  of  these  results  could  be  improved  considerably  if 
sufficiently  sharp  bounds  were  available  for  ^/(x;a,b)  . 

The  method  that  we  now  develop  to  estimate  ^/(x;a,b)  for 

particular  a  and  b  stems  from  the  approach  used  first  by  P.  Tschebyschef 

[29]  and  later  by  other  authors  including  J.  Sylvester  [27]  and  E.  Waage 

[31; 32]  in  estimating  ^(x)  =  log  p  .  We  illustrate  their 

a 

p  <  x 

approach  by  means  of  a  simple  example:  Let  A(n)  denote  Mangoldt's 


function,  where 


A(n) 


log  p  if  n  =  p 
0  otherwise  , 


then  log  n  ~  ^  and,  furthermore,  ^/(x)  35  ^  A(n)  .  If 

d  jn  n<k 

define  T(x)  =  )  log  m  ,  then 


m<5c 


(2.3) 


T(x)  =  y  y  A(d) 

m<x  afm 


we 


A(d) 


dn<x 


■  Z*®  ’ 

n<x 


and,  from  the  Mobius  Inversion  Formula,  it  follows  that 


(2.4) 


V'(x)  =  T(f) 


R<X 


Since  there  is  difficulty  in  estimating  the  right-hand  side  of  this 
equation  directly,  we  consider  instead  P(x,M)  =  p(n)  T(”)  and. 


n<M 


for 


the  purpose,  of  this  example,  we  choose  M  =  3  •  Now,  from  equation  (2.3)* 
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P(x,3) 


22 


where  a 


|i,(k)  .  If  we  now  observe  that  the  a^’s  are  periodic 


k jd 
k<3 


with  period  p  =  6  ,  then  we  obtain 
P<3 


p(x,3)  -  V  I  ^(6dX+1)  +^(6dX+5)  -  ^6d-^}  * 

d>o 


Let  P'(x,3)  =  P(x,3)  “  T(g)  t  then 


p'(x,3)  =  f(x) .  ^(|)  +  yjv'(g^i)  -  v(^-)} 


Since  ^(x)  is  a  non-decreasing  function  of  x  , 

p,(x>3)  >  p(x)  -  V'(f)  > 


log  x 

log  6 


Z 


pt  >3)  >  V(x) 


,n 


>  n  >0 


and  therefore 


•  t 
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The  left-hand  side  of  the  above  inequality  can  be  estimated  easily  to 
obtain  an  upper  bound  for  ^(x)  „  On  the  other  hand,  since 


p-(x,3) = *(x)  +  V'(f)  -  y  - 


<  vM  +  V'(f) 


a  lower  bound  for  ^/(x)  can  be  easily  computed  once  the  upper  bound 
is  obtained. 

In  the  estimation  of  ^(xja,b)  for  (a,b)  =  1  we  develop 
equations  corresponding  to  (2.j)  and  (2.4)  for  the  functions 

T(x;a,b)  =  ^  log  m  and  ^/(x;a,b)  .  From  the  properties  of  A(n) 

m  s  b  ( a ) 
m  <  x 

mentioned  earlier,  it  is  clear  that 


T(x;a,b) 


I 


A(d) 


m=  b  (a) 
m  <  x 


m 


(2-5) 


A(d>) 


dd  *<x 
dd *=b(a) 


V'Cf  ;a, bd”1 ) 


(d,*0-l 

d  <  x 


* 
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Furthermore,  since 


V/(xja#b)  = 


A(m) 


m=  b(a) 
m  <  x 


> 


f(x;a,b) 


m=¥(a) 
m  <  x 


M-(d)  log  | 


(2.6) 


=  Y  ^i(d) 

dd'=b(a) 
dd  ’  <  x 


log  d' 


=  Y  M(d)  T(|  ;a,bd_1)  . 

(d,'a)=l 
d  <  x 

Now  that  we  have  equations  (2.5)  and  (2.6),  we  can  employ  the  method 
illustrated  in  the  example  to  compute  upper  and  lower  bounds  for 
^/(xja,b)  for  given  a  and  b  .  We  do  this  for  a  =  it,  b  =  1,3  to 
establish  (2.2)  , 

Let 


P1(x,io)  =  V  p(d)  T(|  ;h,d~l) 

(d,T)=i 
d  <  10 


y  n(d)  T(|  ;4,l)  +  y  n(d)  T(|;  4,3) 
=  T(4)  d=3(4) 


(4) 

<  10 


=3(4) 

d  <  10 
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From  (2.5)? 


and 


so  that 


T(x;4,l)  = 


y  ^(f  *m)  +  y  ^(f  ?^3) 

d=  1(4)  d=3(4) 


d  <  x 


d  <  x 


T(x;4,3)  = 


)T  iHf  J**>3)  +  )  *(f  >4,1)  . 


d=  1(4) 
d  <  x 


d^3(M 

d  <  x 


P].(x>10)  =  /  “drM 

dsV(4) 

d  <  x 


a^(j  ;4,1)  +  adV/( j  ;4,3) 


d  =3X4) 
d  <  x 


where  a ,  = 


,  -  /  u(k)  .  Since  the  a  's  have  period  p 

d  7  d  «i< 


210  , 


kjd 

k<10 


P<10 


the  sequences  have  period  420  ,  and  for 


d  >  52  , 


a4d+l  =  a4(d-52)+3 
a4d+3  =  a4(d-52)+l  . 


The  values  of 


a4d+l' 


a4d+3 


for  0  <  d  <  52 


are  given  by: 


■  ■■■  : 


b<  sq  -  ri  < 


a i 
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wr  ■ 


{1,0, 0,1, 1,-1, 0,1, 0,1, 1,-1, 0,1, 0,1,0, 0,1, 0,0, 0,1, 
0,1, 1,-2, 1,1, 0,1, 0,0, 0,1, 0,0, 1,0, 1,0, “1,1, 1,0,1, 
0, “1, 1, 1,0,0, l)  , 


{0,0, 1,-1, 1,1, 0,1, -1,0, 1,1, 0,0, 1,-1, 1,1, -1,1, 1,0, 
0,0, 0,1, 1,0, 0,0, 0,1, 1,-1, 1,1, -1,1, 0,0, 1,1, 0,-1, 
1,0, 1,1, -1,1, 0,0)  . 


Let 

P'(x,10)  -  PjfolO)  -T(^)  -  2T(^)  -  TfjJj)  , 


then 


P’ (x, 10) 


<x2  log  2  , 


where 


Examination  of  the  values  of  the  * s  then  yields  the  following 
inequalities : 


-a£  log  2  +  ^(x;4,l)  -  iKjJg  ;M)  <  P{(x,l°)  , 


(2.7) 


' 

,1,0,1,!,  A)  1  ,0<<M,0,0.  (,0  X.i,  -,  ,1,0 


,<•  7  *  *  -  ,  .o  . )  - 


—  1*9  ~ 


(2.8)  P{(x,10)  <  lKx;4,l)  +  (V/(-"  ;4,1)  +  ^(~~  ;4,l)  +  ^(^ff  ?M) 

-  a2  log  2  +  ^(fp  M)  +  ^(5^; 4, 3)  +  ;4)3) 

Repeating  the  above  procedure  for 

P5(x,10)  .  V  n(d)  T(£}4,3)  +  Y  n(d)  T(|j  4.1) 

dsT(4)  d=3t4) 

d  <  10  d  <  10 

and 

P^(x,10)  =  P5(x,10)  -  t(~)  -  ai(i)  -  T(^) 

in  place  of  P^(x,10)  and  P|(x,10)  ,  we  obtain  the  analogues  of 
inequalities  (2.7)  and  (2.8)  for  3)  • 

(2.9)  -ct2  log  2  +  f(x;k,5)  -  V'(]Jq>4,3)  <  P^(x,  10)  , 

(2.10)  P^(x,10)  <^(x;4,3)  +  (lH^;4,3)  +  y(pp;4,3)  +  4,3) 

-  a2  log  2  +  V'Cjy  J  4,1)  +  4,1)  +  l(/(^v4,l) 

+  V'Cjfj  ?M)  )  . 

For  the  purpose  of  estimating  P*(x,10)  ,  P^(x,10)  we  use 

the  following  inequality  for  the  gamma  function  [18;  p.  257]* 


od3  gnJrJftsqadl 


(  )t  (•  •  -.0  :  -  (c-i  ,«)..*  =  (t 

- 


Suppressing  the  details,  this  inequality  yields  the  following  inequalities 
in  which  K  and  L  are  given  by 


K  »  ^  log  4  +  log  n/2k  -  log  T  (|-)  , 

and 

L  =  -  log  4  +  log  \/2*  -  log  r  (^)  : 

(2.11)  -  “  log  x  <  T (x)  -  x  log  x  +  x  -  log  s/ijr  <  ~  log  x  +  ,  x 

(2.12)  '  J  log  x  “  ^  <  T(x;4,  l)  -  f  log  x  +  f  *  K  <  |  log  x  +  ^  ,  : 

(2.13)  -  £  log  x  <  T(x;4,3)  -  |  log  x  +  ^  *  L  <  |  log  x  +  ~  ,  x 

Thus,  from  (2.7),  (2.9)  and  the  above  inequalities, 

(2. Ut)  KxjM)  -  iKjJo J1*-.  1)  <  .585I7X  +  ^  log  x  -  14.34291  +  Hj- 

(2.15)  f(x;4,3)  -  s  .58317X  +  ^  log  H  -  13.58309  +  7$ 

for  x  >  63O  .  Since  ^/(x;4,b)  <  ^(x)  for  b  =  1,3#  we  use  the 
inequality 

^(x)  <  I.O3883X  for  x  >  0 


> 


>  11 


>  11  . 


of  J.  Rosser  and  L,  Sehoenfeld  [22],  Hence,  from  inequalities  (2.14) 


WM 
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and  (2.15)  , 


lKx;4,b)  <  «59x 


for  b  =  1,5,  x  >  6000  . 

In  order  to  check  the  above  inequality  for  x  <  6000  it  was 
found  necessary  to  compute  ^/(x;4,b)  ,  b  =  1,5,  for  x  <  600  and 
to  estimate  roughly  these  functions  for  600  <  x  <  6000  .  The  table 
of  values  of  ^/(x;4,l)  and  ^/(x;4,5)  for  x  <  600  will  be  found  in 
the  Appendix.  As  a  result  of  the  computations  performed,  we  have 

(2.16)  ^(x;4,b)  <  -59* 
for  b  =  1,5,  x  >  0  . 

Now,  from  inequalities  (2,8),  (2,10),  (2.1l),  (2.12),  (2.15), 

we  obtain 

(2.17)  >  .58317*  -  ^  log  x  +  23.27185  -  III2-  , 

(2.18)  lKx;4,3)  +  f,(x)  >  .58317x  -  log  x  +  24.05537  -  f^f2  , 

for  x  >  65O  ,  where 

f  x  (x )  =  ^(~,*4,1)  +  ^(^y;4,l)  + 

+  3)  +  >^>3)  +  ^(419* )  ’ 
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fp(x)  =  ^(^4,3)  +  ^(77;4?3)  +  +  ^(fT  ;4,l) 


17 


137J 


11 


+  ip(~r;k,l)  +Ip(~~; 4,1)  +V/(rf^;4,l)  . 


X 


‘31 


‘59 


419J 


Thus,  from  (2.16)  we  obtain 


f,(x)  <  .l6848x  ,  i  =  1,2, 
which,  together  with  (2.17)  and  (2.18),  yields 

^/(x*4,b)  >  .40x 


for  b  =  1,3,  x  >  6000  . 

To  verify  the  above  inequality  for  x  <  600  ,  we  referred  to 
the  table  of  values  of  ^/(x; 4,1)  and  ^/(x;4,3)  in  the  Appendix.  In 
addition,  we  estimated  these  function  values  for  600  <  x  <  6000  and 
found  the  above  inequality  to  hold  for  x  in  this  range.  We  therefore 
have  the  following: 

Tp(x*k,l)  >  .40x  for  X  >  37  , 


and 


V/(x;4,3)  >  .40x 


for  x  >  43  . 
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CHAPTER  III 

TWO  ELEMENTARY  PROOFS  OF  A  SUM  INVOLVING 
PRIMES  OF  THE  FORM  4n  +  1 

It  follows  from  the  Prime  Number  Theorem  for  arithmetic 
progressions  that 

(3.1)  V  log  x  +  0(1)  , 

p  =  b (mod  a) 
p  <  x 

where  p  is  prime,  is  Euler’s  totient  function,  a  and  b  are 

positive  integers  with  (a,b)  =  1  ,  and  the  constant  implied  by  0(l) 
is  dependent  upon  a  and  b  .  It  is,  however,  of  interest  to  find 
elementary  proofs  of  such  relations.  In  this  chapter  we  intend  to 
give  two  elementary  proofs  of  (3.1)  for  the  special  case  a  =  4  ,  b  =  1. 
While  obvious  minor  variations  in  the  two  proofs  yield  (3*1)  f°r  a  =  3> 
b  =  1  ,  the  methods  do  not  seem  to  apply  if  p(a)  >  2  . 

R.  Breusch  [4]  supplied  an  elementary  proof  of  (3*1)  for 

a=4,  b=l  by  analysing  ft  ft  (r^  +  s^)  .  However,  estimating 

r=l  s=l 

the  contribution  of  the  various  primes  in  the  canonical  factorization 
of  this  expression  presented  considerable  difficulty.  A  somewhat  more 
natural  expression  to  consider  seems  to  be 


. 


-  -  •- 
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P(n)  =  n  (r2  +  ^ 

l<r2+s2<n 
r,s  integers 

and  it  is  this  expression  which  we  now  use  to  establish  (3.1)  for 
a  =  4  ,  b  =  1  . 


Let  r(n)  denote  the  number  of  representations  of  n  in  the 

2  2 

form  x  +  y  ,  where  x  and  y  are  integers.  For  the  sake  of 
simplicity  of  notation  we  introduce  the  characters  modulo  4  :  Let 
and  x  represent  the  principal  and  non-principal  characters 
modulo  4  ,  respectively;  then  the  following  results  are  well-known 
(see,  for  example  [14]): 


r(m)  =4  V  X,(d) 

dfm 


m  >  0  ,  m  an  integer  f 


l<m<n 


»  4  y  x(d)  tj]  . 
l4i<n 

Observe  that  A(n)  is  the  number  of  lattice-points,  excluding  the  origin, 
in  the  circle  centred  at  the  origin  with  radius  sfn  ,  that  is, 


(3.2) 


A(n)  =  itn  +  0(s/n) 


:  4l  olubota  aris  ^uboiinf  ow  aollzioa  j 
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(3.3) 


Now  consider 


log  P(n)  » 


.  (  2  2\ 
log  (r  +  s  ) 


l<r  +s  <n 
r,s  integers 


=  ^  r(m)  log  m 


l<m<n 


-  ~  J'  dt  +  A(n)  log  n 


=  Jtn 


log  n  -  jtn  +  0(\Tn  log  n)  , 


where  we  have  used  the  formula  for  integration  by  parts  for  the  Stieltjes 
integral.  In  order  to  determine  explicitly  the  canonical  factorization 
of  P(n)  ,  let 

a?(n)  tt  aD(n)  rr  aa(n) 

p(io  =  22  n  p  ih  , 

where  p  and  q  denote  primes  =  1  and  3  (mod  4)  ,  respectively. 

Since  \  x(d)  is  a  (weakly)  multiplicative  function  of  m  and 
dfm 

X(pa)  =  1  for  a  =3  0,1,2,...,  it  follows  that 


a  =  a  (n) 
P  P 


=  ^  r(m)  +  2  ^  r(m)  +  3  ^  r(m) 


l<m<n 

pllm 


l<3n<n 

p2||m 


l^n<n 

p5||m 


•  •  • 


. . . 
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=  4 


l<m<n 


X(d) 


Thus, 


(3. it) 


X(d) 


a 

P 


2 


Similarly,  since 


X(qa)  =  (-l)a  for  a  =  0,1,2,...  , 


X(d) 
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' 
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It  follows  that 


(3.5) 


Now,  since 


X(2a)  =0  for  a  =  1,2,3,...  , 


a2  =  a2^n^ 


X(d) 
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-  A(§)  +  a2(|)  . 

Hence 

(3.6)  a2  =  A(|)  +  A  +  A  +  ...  . 

From  the  interpretation  of  A(n)  as  the  number  of  lattice- 
points,  excluding  the  origin,  in  the  circle  centred  at  the  origin  with 
radius  \Tn  and  from  equations  (3.4),  (3.5),  it  is  clear  that  =  0 
for  p  >  n  and  a  =0  for  q  >  \Tn  ,  while  a  >0  and  a  >  0  if 
p  <  n  and  q  <  s/n  ,  respectively.  Thus,  from  (3*4),  (3*5),  and  (3 .6), 


log  P(n) 


a. 


log  2  + 


log  p  + 


log  q 


(3.7) 


. . .)log  2  +  2 


+ 


. . . )log  p 


To  determine  the  magnitude  of  the  three  sums  on  the  right-hand  side  of 
equation  (3»7)j  we  use  (3*2): 


■ 


o  •  n  i  's  .3®  (  j)A  ..:o  /rc  q?j3as  sri ;  n  j’fi 

•  ■  t  ♦*.'  )  C£  o'  ••  npa  mc"i  1  a* 

0  <  jo  bae-  0  <  o  ©lirfw  ,  flV  <  p  tto  _  0  *  jo  hoe,  n  <  c  troS 


bns  <(*.£)  • 


l  A  so  *  .  i)  ,  I 
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a 

P 


j 


thus 


Similarly, 


and 


log  q  =  0(n) 


1  <\T i 


k?s  q 

2 

q 


+ 


log  2  =  0(n) 

Using  partial  summation  and  the  result  that 


e(x) 


V  log  r  =  0(x)  , 


r<x 
r  prime 


we  obtain  the  estimates 


=  0  (\/x)  and 


log  r 


r<x 

r  pr  ime 


\/r 


r<x 

r  pr  ime 


r 


=  0(log  x) 
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In  addition. 


I 

m>l 


log  m 

2 

m 


0(l)  so  that 


Y  ap  log  p  =  2jtn 
p<n 


+  0(n) 


Y  aq  log  q  =  0(n)  . 

q<s/n 


The  above  results  together  with  (3.3)  yield 


otn 


log  n  =  2fln  ^  lo|  P  +  0(n) 


p<n 


Hence 


p=  l(k) 
p  <  n 


log  P 

P 


=  \  log  n  +  0(1) 


The  second  proof  we  give  of  (3.1)  for  a  =  4  ,  b=l  is  of 
a  completely  different  nature  and  has  the  advantage  of  providing  a  good 
estimate  of  the  constant  term  implied  by  the  0(l)  in  (3.l)»  An  explicit 
upper  bound  will  be  obtained  for  this  constant  in  the  next  chapter,  but, 
for  the  present,  the  objective  is  merely  to  give  a  short  elementary 
proof  of  (3.1). 

Let  A(n)  denote  Mangoldt's  function,  then  from  the  definition 
of  the  principal  and  non»principal  characters,  X0  a*id  X  1  modulo  k  , 


it  is  clear  that 


. 


' 


. 


3  r  1  uaal-  .  Jt  : 
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£(n)  =  y  ^ 

m=l(4) 
m  <  n 


1 

2 


Xo(m)  A(tn) 


m<n 


m 


+  2 


^  iIAlALAj 

m<n 


log  2  V"  l_ 

2  L  2a 

a 

2<2  <n 


+  I  V  lCeLAIeI 

2  Li  m 

m<n 


Now  consider 


I 


A(m) 

m 


m=  1(4) 
m  <  n 


2<M 

u 


.n 

U<“ 

— m 


Since 


u<x 


it  follows  that 


(3.8) 


V  Mb! 

/  m 
tn=l(4) 

m  <  n 


A(m) 


m=  1(4) 

m  <  n 


Similarly, 


(3.9) 


u<n 


A(m) 


m 


m< 


n 

u 


s.  y  +  o(4 

4  ^  m 
m<n 


fi  >  ilT 
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and 


(5.10) 


x(a). 

u 


u<n 


.a 


2<2a<~ 
—  -u 


-l  l  I  1 


2<2a<n 


2<2a<n 


0(1)  . 


Finally,  since  )  A(d)  =  log  n  , 

rn 


(3.11) 


u<n 


xM  \ 

u  ra 

n 


m< 


•u 


■I 


zlll 

s 


A(m) 


s<n  m  s 


X(s)  log  s 

s 


s<n 


=  0(1)  . 


Among  the  first  estimates  in  the  Tschebyschef  Theory  of  the  Distribution 
of  Primes  are: 


and 


1°p  ^  =  1°8  x  +  0(1) 

p<x 


f(x) 


log  p 
a 

p  <x 


=  o(x)  ; 


-iLdliJalQ  erb  lo  “i  ,  oa  -  d:  rioeT  aril  li  s  m  3  d  -  joc 


Xir. 
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thus,  with  these  estimates  and  equations  (3.8),  (3*9)?  (3»10)>  and 
(3.1l)  we  obtain 


(3.12) 


Since 


f  y  ^=§y^+°(i) 

m=  1  (4)  m<n 

m  <  n 


m=  l(4) 
m  <  n 


V  lpg  P 
p=  1(4)  P 

p  <  n 


+ 


\y  ib&jsl 

r  >  2  P 
r 


1(4) 


r  . 

P  <  n 


-  y  ^  +o(D , 

P=Tt*») 

p  <  n 


it  follows  from  (3. 12)  that 


L0JL±  =  I  i0g  n  +  o(l)  . 

P=  1(4) 
p  <  n 


-  35  - 


CHAPTER  IV 


ON  THE  DIOPHANTINE  EQUATION 


ni 


x 


4 

y 


Following  the  method  used  in  the  latter  part  of  Chapter  III 
we  will  prove  that 

(4.1)  V  |  log  n  -  .59571  +  +  -p~  ,  for  a  >  9&1  , 

p.Tfa)  p  '  /n 

pr  <  n 
1  <  r 

and  use  this  result  to  complete  the  proof  of  the  insolvability  of  the 

4  4,. 

diophantine  equation  nl  =  x  -  y  ,  (x,y)  =  1  ,  studied  by  P.  Erdos 

and  R.  Ob lath  [10]. 


Let  XQ  and  X  represent  the  principal  and  non-principal 
characters  modulo  4  ,  respectively.  Further,  let  f(x)  be  determined 
by 


(4.2) 


X(u)  . 


U 


IdQ 

2m+l 


m 


=|+f(x)  , 


u<x 


l<2m+l<x 


then  |f(x)|<~,  x>0.  As  we  saw  in  Chapter  III  , 


m=  1(4) 
m  <  n 


A(m)  _  1  V”1  A(m)  log  2 

m  ~  2  l_^  m  2 

m<n 


i  4 


X(m)  A(m)  . 


m 


2<2a<n 


m<n 


.  1 
a 


t  :•  "  It  i)c  ~  ■  -  »  *•- 


Tj-q-no*:  bur  I&qionliq  9;ii  *flj;.3*q9* 


:  )I  .  :,u  >v  •--  ,  c  c  t-  8  ■  '•  • 
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thus,  from  (4.2), 


(^•3) 


A(m)  _  1^ 

~  2 


m 


m=T(4) 

m  <  n 


2  V-1  x(ro)  A(m)  f(n/m)  log  2  _1_ 

*  L  m  2  L  2a 

“S"  2<2a<n 


2  , 

-  «  108 


.a 


2<2a<n 


(?)  *  i  l 

s<n 


X,(sl  1?.g..g 

s 


The  greatest  difficulty  in  the  estimation  of  the  terms  on  the  right-hand 
side  of  (4.3)  is  presented  by  the  expression 


xM.  Afa),  £(.q/p\). 

m<n 

and  we  will  now  determine  an  upper  bound  for  it. 

Let  K(x)  =  ^(x;4,3)  -  >  then,  from  inequality  (2.2), 

we  have  |K(x) |  <  .  I9x  for  x  >  43  •  Direct  checking  of  the  table  of 
ip(x;k,l)  and  ^(x; 4,3)  in  the  Appendix  for  x  <  43  gives 


(4.4)  |K(x)  I  <  .19x  for  x  >  13  . 

Define 


S(r,s)  =  £ 

s<m<r 


K(m)  -  K(m-l) 

m 


y 


then  from  (4.2), 


t 


37 


S(n,f)  -  f (l)  V  SfeL-JEfedJ 


n 


<m<  n 


n  ru 

?5} 


=  f(3) 


K(m)  -  K(i 


m 


n  .  e 

5<"% 


JL  S- 
15' 17 


)  =  f(15) 


( m 

m 


^  ^  vr*  ^ 


Furthermore,  since 


V  MsL^Msdl  .  V  4Hr  .  _*(il  +  .  Mil 

m  ^  m(m-fl)  [sj+1  [r]+l 


s<m<r 


s<jn<r 


we  have 


8 


8 


•y^^o  .y^t-D  y  ^+y ^-d 

m<n  t=l  n  „  ^  n  t=l 


■K& 

“  4" 


n  .  .  n  t=J 

2t+l  ~2t~l 


+  S  (~r,  1 ) 

=  ti  +  tg  4-  s(Yy>i) 


Now 


Y  ?  - 


" 
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n 


j=l 


Y=logn  +  C+  ~~  +  ~ 
j  2n  8q2 


0  <  0  <  1  , 


so  that 


)  “I  <  log  (r+l)  -  log  s  +  i-  -  2(7^  + 


s<m<r 


8r‘ 


Thus  for  n  >  221  ^  (4.4)  implies  that 

8 


l\  <  *19  |f(2t-l) 

t=l 


1 

m+1 


n  ^  ^  n 

-  ^  in  y — rr 

2t+l  -2t-l 


8 


<  .19  £  |f  (2E-1)  I  {log 
t=l 


2£+l  .  Mgr-_ii.  _  (gt+ij  .(gt-il 

2t-l  2n  2(n+2t+l) 


8n" 


Since 


£(1)  = 

.21464 

f  (9)  » 

^  .0^957 

f(5)  = 

-.11869 

f(n)  = 

-.01*131* 

f(5)  = 

.08131 

£(13)  = 

.03558 

f(7)  = 

-.06154 

f (15)  = 

-.03109 

that 

t  <  .06938  +  +  ~rr  for  n  >  221 

1  1  —  n  2  — 

n 


From  the  definiton  of  K(x)  , 


we  have 
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k(x)  =  ip(x)  -  [^|~|]  los  2  -  2f(x;M)  ; 


hence 


t0  -  f(l)  -  £(15)  +  (f(3)  -  f(l))r^^ 


[n/17]+l 


[n/3l+l 


7 


t=c 


LDl 

2t+l 


'&  -  -»  * 

irfjrM 


-2)  (-DC  - 

t^+1 


<  f (l)  r^n]  -f (15)  — ^12^ 
n  +1  [i]+l 


^  +E<n)  > 


t=2 


where 


E(n)  <  4  { 7  Ky)  +  11  V'(jj)*  15  lKjy>  } 


+  4{5  iKfJM)  +  9  ^(^;U,1)  +  13  ?%;M)}  +  2  1°g  g 


J.  Rosser  and  L.  Schoenfeld  [22]  have  shown  that 


(^.5) 


^/(x)  <  0(x)  +  1.42620  \/x 


<  x  +  ■  VX -  +  1.42620  n/x 

2  log  x 


x 


x 


log  X 


<  e(x)  <  V'(x) 


for 

x  >  1 

for 

x  >  41 

and 


.  •  :  ■  ... 


-  l+o  - 


(4.6) 


^(x)  <  I.03883X 


for  x  >  0 


For  x  <  41  ,  easy  computation  extends  their  estimate  above  to 


(4.7) 


x 


log  X 


<  ip (x) 


for  x  >  6 


For  convenience,  we  use  inequality  (4.6)  along  with  (2,2)  to  estimate 
E(r)  ;  thus 

E(n)  <  ^ 
n 

From  inequalities  (4.5)  and  (4,7)  we  obtain 


I  X  (-n*  *s£r>  <  -°8^  + 

t=2 


2^/50 


for  n  >  90 


while  inequality  (4.4)  gives 


MiLikU  ,  lf(15)  .K(^l  ,  1 


[nj+l  i 


n  t  ,  3  rn 


<  .11004  for  n  > 


t^]+i 


[f]+i 


Hence 


t  <  ,19768  •!-  +  -—2 —  +  2  for  n  >  221  . 

2  -  71  log  n/15  2^5^  n 


221  . 


Collecting  results  up  to  this  point,  we  have 


.  3  v  t  -^  >  a 


'I  V  .  .." 


-  41  - 


<  .26706  + 


— ^L_ 

log  n/15 


26  373 

+  “T  +  "o 
n  d 

n 


+ 


for  n  >  221  .  Since 


x(m)A(m) 

m 


.  n 
"><17 


it  follows  from  (4.6)  and 


|f(x)  |  <  \  for 


x  >  0 


that 


|s(~r,l)  |  <  £  ^|f(S)| 

"<-T7 

<  i  ^ 

<  .06111 


Thus,  for  n  >  221  , 


(4.8) 


1 

m<n 


x(m)A(m)f  (~) 


m 


<  . 32817  + 


log  n/15 


Referring  once  again  to  expression  (4.3), 


LL?.Ll°&.± 


s<n 


< 


<  -.15367 


for  n  >  49 


log  2  V  1_  <  _  log  2  ,  log  2 

2  Zj  2°°  2  n 


2<2a<n 


* 
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and 


f  (  <£  log_n 

V  2a  /  71  n 


Hence,  from  (1+.3),  (4-. 8),  and  the  above  inequalities. 


jt 


log  2 


I 


JX 


2<2a<n 


A(m) 

m 


m=  1  (4) 

in  <  n 


.23548  + 


— 

log  n/15 


for  n  >  221  . 


Now  J.  Rosser  and  L.  Schoenfeld  [22]  have  shown  that 


(4.9) 


log  p 

P  <  log  x  +E  + 


p<x 


2  log  x 


for  x  >  319 


where  E  <  -1, 33258  ,  and  from  their  evaluations  of  \ 

U  p 


2  <  r  <  29  it  follows  that 


(4.10) 


l£g_£ 


<  .75543  . 


r>2 


Thus  from  (4.9)  and  (4-.10), 


(4.11) 


P-V(4)  p 

r  . 

p  <  n 


jg&jz.  <  + 1 1  y  -3-± 

p<n  ^  r  '  P 

—  p  <  n 

r  >  2 


-2 

P- 5(4)  p 

2r 


for 


-  .23548  + 


r  >  1 


r:  I 
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log  n/15 


<  I  log  n  +  i  E  +  .07058  +  +  TTi^-S  ^ 


for  n  >  961  •  Hence 


P=  1(4) 
pr<  n 


19.^-P-  <  I  log  n 
P 


-  .59571  + 


>21 


log  n 


r  >  1 


for  n  >  961,  which  gives (4.1)  .  We  now  use  this  result  to  settle  the 

4  4 

question  of  the  solvability  of  the  diophantine  equation  nl  =  x  -  y  , 
(x,y)  =  1  . 


The  motivation  for  studying  diophantine  equations  of  this 

2 

form  stems  from  the  conjecture  concerning  the  solvability  of  nl  =  x  -  1  . 
In  1876,  H.  Brocard  [5]  asked  for  what  values  of  n  is  nl  +  1  a  square, 
and  later,  [6],  he  formulated  the  conjecture  that  nl  +  1  is  a  square 
only  if  n  =  4,5>  °r  7  *  Several  attempts  have  been  made  to  settle 

this  conjecture  but  relatively  little  success  has  been  obtained. 

0 

M.  Eraitchik  [15]  proved  that  nl  +  1  x  for  7  <  n  <  1020  .  Seemingly 

2 

unaware  of  Kraitchik’s  results,  H.  Gupta  [13]  proved  that  if  nl  +  1  =  x 
is  to  hold  for  n  >  7  then  n  >  50  and  nl  must  have  more  than  34 
digits.  The  author  [11],  with  the  aid  of  the  I.B.M.  1620  at  the 
University  of  Alberta,  extended  Kraitchik’s  results  to  show  that 


3 


■ 


- 
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2 

n!  +  1  ^  x  for  7  <  n  <  10,000  .  This  was  accomplished  by  examining 


the  quadratic  character  of  n!  +  1  modulo  p  for  n  <  10,000  and 
10,007  <  P  <  10,111  ,  where  p  denotes  a  prime. 


P.  Erd*ds  and  R.  Oblath  [10]  considered  the  diophantine 
equations  n!  =  xm  -  ym  ,  m  >  2  ,  (x,y)  =  1  ,  and  completely  settled 


the  question  of  their  solvability  for  m  ^  4  .  In  the  case  of 

4  4 

n!  =  x  -  y  ,  they  were  able  to  prove  that  this  equation  is  insolvable 

for  n  >  n  -  however,  the  n  was  not  determined.  Using  essentially 
o  7  o 

their  approach  to  the  problem  together  with  inequality  (4,1),  we  can 

4  4 

now  prove  that  n!  =  x  -  y  has  no  solutions  in  positive  integers 
n,x,y  with  (x,y)  =  1  . 


For  b  =  1,3,  let 


r  . 

p  <  n 


r  >  1 


and  let 


log  2 


L  2 


n 


r 


r  >  1 


then 


(it. 12) 


log  n!  =  S(n,2)  +  S(n;lt,l)  +  s(n;4,3) 


U  i<  l  cl  ■  -  nc  ■ :  Joe  o.i  oeri 
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2  2  2  2 

Now  if  n!  as  (x  -y  )(x  +y  )  is  to  hold  for  some  integer  n  with 

2  2 

(x,y)  =  1  ,  the  factor  (x  ~y  )  must  contain  exp  (s(n;4>3))  together 

2  2 

with  at  least  exp  (s(n,2)-log  2)  ,  and,  furthermore,  x  +  y  cannot 
exceed  2  exp  (S(n;4,l))  .  Thus,  from  these  observations, 


x2  -  y2  >  exP  (S(n;4,3)  +  S(n,2)  -  log  2) 


and 


x2  +  y2  <  2  exp  (s(n;4,l)) 


Therefore,  from  (4.12), 


log  n!  <  log  (x2-y2)  +  log  2  +  S(n;4,l) 


(4.13) 


<  2  log  2  +  2  S(n;4,l)  . 


Inequality  (4.13)  implies 


(4.14) 


log  n!  <  2  log  2  +  2n 


p=  1(4) 
pr<  n 
r  >  1 


IgfiJE 

r 

P 


f 


and,  from  a  well-known  estimate  for  log  n!  [l8j  p.  2571 >  together 
with  inequality  (4.1),  we  have 


n  log  n  -  n  +  —  log  n  +  log  \f2it  <  n  log  n  -  1.19l82n  +  +  &/n 


2  log  2 


for  n  >  96I  .  Hence 
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.  19182a  < 


1.82n  of  1 

r—  -  -f  0\/n  »  “ 
log  n  2 


log  n  +  .4-7 


12 


for  n  >  961  .  Since  this  inequality  is  false  for  n  >  e  it  follows 

4  4 

that  n!  ~  x  -  y  has  no  solutions  in  positive  integers  n,x,y  for 

^  12 
n  >  e 


For  the  purpose  of  checking  inequality  (4.14)  for  n  <  e 
we  use  the  following  results  of  J.  Rosser  and  L„  Schoenfeld  [22]  t 


12 


tf'(x)  >  $(x)  >  X  ~  2.05282  \/x 


o 

for  x  <  10  , 


p<x 


IjPJLi*  <  x0g  x  +  E  + 

P  sTx 


o 

for  114  <  x  <  10  , 


where  E  <  -  1.35258  . 


Repeating  the  procedure  used  in  obtaining  (4.11)  with  the 
above  inequalities  in  place  of  (4.7)  and  (4.9)  we  have 


Z 


P=  1(4) 

pr  <  n 
r  >  1 


iSSJi  <  i  log  n 
P 


.59571  +  +  ^ILJojUL+Jl  +  £§ 

r  n  <- 

v  n  n 


for  96I  <  n  <  10  .  However ,  when  this  inequality  is  used  in  (4.14) 

the  resulting  inequality 

.  19l82n  <  7.IO8  \/n  +  (1.274)  log  n  +  35  + 


is  false  for  n  >  2000  . 


. 


ft  T. 
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The  inequality 

log  n-l  -  issJi  <  <  2  V  i^S_£ 

n  n  —  /  r 

P-TtU)  p 
r 

P  <  n 

r  >  1 

was  checked  directly  for  n  <  2000  and  found  to  be  false  for  2  <  n  ■ 
Hence  (4*14)  does  not  hold  for  2  <  n  <  2000  . 

4  4 

Collecting  results,  we  find  that  nj  =  x  -  y  cannot  hold 

i  4  4  I  4  4 

for  n  >  2  ,  and  since  1  =j:  x  -  y  ,  2  x  -  y  for  positive 

4  4 

integers  x  and  y  it  follows  that  n!  =  x  -  y  has  no  solutions 
in  positive  integers  n,x,y  with  (x,y)  =  1  . 


2000 


1 
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APPENDIX 


Values  of  f(x;4,l)  and  ^(x;4,5)  for  x  <  600  .* 


X 

X 

5 

1.60944 

3 

I.0986I 

9 

2.70805 

7 

3.04452 

13 

5.27500 

11 

5 . 44242 

17 

8.10622 

19 

8 . 58686 

25 

9.71566 

23 

II.52256 

29 

13.08296 

27 

12.62097 

37 

16.69388 

31 

16.05496 

41 

20.40746 

43 

19.81617 

49 

22.35337 

47 

25.66652 

53 

26.32367 

59 

27.74586 

61 

30.43455 

67 

51.94856 

73 

34.72501 

71 

56.21124 

81 

35.82562 

79 

4o . 58069 

89 

40.51  226 

83 

44.99954 

97 

44.88698 

* 


This  table  was  compiled  with  the  aid  of  the  factorization  table 
included  in  [ 18] . 


-• 


•3  o  rf: 


X 

101 

109 

113 

121 

125 

137 

ll+9 

157 

169 

173 

181 

193 

197 

229 

233 

241 

257 

269 

277 

281 

289 

293 


-  49 


X 

J 

49.50211 

103 

49.63428 

107 

54.30712 

58.92087 

127 

59.15132 

61.31877 

131 

64.02653 

62.92821 

139 

68.96IOI 

67.84820 

151 

73.97830 

72.85216 

163 

79.07206 

77.90842 

I67 

84.19006 

80.47337 

179 

89.37746 

85.62667 

191 

94.62974 

90.82518 

199 

99.92305 

96.08788 

101.37109 

106.80482 

211 

105.27492 

112.25587 

223 

110.68210 

II7.74068 

227 

116.10706 

123.28977 

239 

121.58353 

128.88449 

243 

122.68214 

134.50852 

251 

128.20760 

140.14688 

263 

133.77976 

142.98010 

271 

139.38189 

148.66028 

283 

145.02735 

. 

X 

313 

317 

337 

349 

353 

36 1 

373 

389 

397 

401 

409 

421 

433 

449 

457 

461 
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X 

EfeiU 2l 

154.40649 

307 

150.75421 

160.16540 

311 

156.49401 

165.985^9 

331 

162.29614 

171.84057 

iki 

164.24205 

177»70705 

347 

170.09138 

180.65149 

359 

175.97471 

186.57308 

367 

181.88008 

192.53667 

379 

187.81763 

198.52062 

383 

193.76567 

204.51459 

419 

199.80355 

210.52831 

431 

205.86967 

216.57095 

439 

211.95418 

222.64170 

443 

218.04776 

228.74873 

463 

224.18550 

234.87342 

467 

230.33184 

241.00683 

479 

236.50355 

487 

242.69182 

491 

248.88827 

499 

255.IOO89 
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X 

Elxjjhll 

X 

3) 

509 

247.23929 

503 

261.32149 

521 

253.49246 

523 

267.58108 

529 

256.62796 

5^7 

273.88554 

541 

262.92139 

563 

280.21883 

557 

269.24397 

571 

286.56623 

569 

275.58786 

587 

292.94126 

577 

281.94571 

599 

299.33653 

593 

288.33091 
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